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AN ε-REGULARITY THEOREM FOR THE MEAN CURVATURE
FLOW
XIAOLI HAN, JUN SUN
Abstract. In this paper, we will derive a small energy regularity theorem for the
mean curvature flow of arbitrary dimension and codimension. It says that if the
parabolic integral of |A|2 around a point in space-time is small, then the mean
curvature flow cannot develop singularity at this point. As an application, we can
prove that the 2-dimensional Hausdorff measure of the singular set of the mean
curvature flow from a surface to a Riemannian manifold must be zero.
1. Introduction
Recently years, the geometric flow becomes a study focus in geometric analysis.
Among several basic problems, the regularity of the geometric flow attracts many
attentions of the mathematicians. Roughly speaking, there are two problems that
people concern.
On one hand, they want to know whether, or more precisely, under what condition,
the flow can exist globally and converge to an ideal object. For example, in [6], Eells-
Sampson proved that if the sectional curvature of the target manifold is nonpositive,
then the harmonic map heat flow would converge to a harmonic map at infinity. For
mean curvature flow, Ecker-Huisken ([5]), Chen-Li-Tian ([3]), Wang ([13]) proved
some global existence and convergence results for the graphic case.
On the other hand, as singularity always occurs, one wants to study the properties
of the singularity, such as, what does the possible singularity look like, and what is
the behavior of singular set, etc. An important tool to study this is monotonicity
formula. Using the monotonicity formula for mean curvature flow, Huisken ([8])
studied the Type I singularity of mean convex mean curvature flow. Chen-Li ([2]) and
Wang ([12]) independently showed that there is no Type I singularity for symplectic
mean curvature flow. Another important tool is small energy regularity theorem. It
describes the local behavior around the singular point.
Using a blow-up analysis and mean value inequality, K. Ecker ([4]) proved the
following small energy regularity theorem:
Theorem 1.1. ([4]) Suppose a family of surfaces (Mt)t∈(0,T ] moves by their mean
curvature in R3. Then there exist constants ε0 > 0 and c0 > 0 such that for x0 ∈ R3
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and ρ ∈ (0,√T ], the inequality
sup
[T−ρ2,T ]
∫
Mt∩Bρ(x0)
|A|2 ≤ ε0
implies the estimate
max
σ∈[0,ρ]
σ2 sup
t∈[T−(ρ−σ)2,T )
sup
Mt∩Bρ−σ(x0)
|A|2 ≤ c0.
Later on, T. Ilmanen ([9]) generalized Ecker’s result to arbitrary dimension and
codimension and the assumption is weaken to a parabolic one:
Theorem 1.2. ([9]) There is a constant ε0 = ε0(n, k) such that if (M
k
t )t∈(0,1] is a
mean curvature flow smoothly immersed in B1 ⊂ Rn, and
r−k
∫ t
t−r2
∫
Mt∩Br(x)
|A|2dµtdt ≤ ε2 ≤ ε20
whenever Br(x)× [t− r2, t) ⊂ B1 × [0, 1), then Mt ∩ B1 can be smoothly extended to
B1 × {1} and
|A(x, t)|2 ≤ C(n, k)max
(
1
1− |x| ,
1
t
1
2
)
ε
for all (x, t) ∈ B1 × (0, 1].
In this paper, we will derive another ε-regularity theorem for the mean curvature
flow for arbitrary dimension and codimension. Unlike the proof of the above theorems,
we obtain the result by combining a blow up argument and a κ-noncollapsing theorem.
Our main theorem is as follows:
Main Theorem Let M be an n¯-dimensional complete Riemannian manifold and Σ0
be an n-dimensional submanifold in M . Suppose Σ0 evolves by the mean curvature
flow in M . Then there exist constants ε0, r depending on Σ0 and M , such that if for
all 0 ≤ ρ < ρ′ ≤ r
2
((ρ′)2 − ρ2)−n2
∫ T−ρ2
T−(ρ′)2
∫
Σt∩B
((ρ′)2−ρ2)
1
2 (X0)
|A|2dµtdt ≤ ε0,
then we have
max
σ∈(0, r
2
]
σ2 sup
t∈[T−(r−σ)2,T−( r
2
)2]
sup
Σt∩Br−σ(X0)
|A|2 ≤ C,
where C depends on ε0, Σ0 and M .
Our Main Theorem says that if the parabolic integral of |A|2 around a point (X0, T )
is small, then (X0, T ) cannot be a singular point. Note that our assumption is weaker
than both of Theorem 1.1 and Theorem1.2.
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An application of ε-regularity theorem is to estimate the size of singular set. For
example, Schoen-Uhlenbeck ([10]) used the ε-regularity theorem for energy minimizer
map to prove that the m− 2-dimensional Hausdorff measure of the singular set of an
E-minimizer is 0. Using Theorem 1.1, Ecker proved similar result for mean curvature
flow.
Applying our Main Theorem to the case n = 2, we can get the following result:
Corollary 1.3. Let Σ0 be a surface moving along its mean curvature in an n¯-
dimensional complete Riemannian manifold M and F be the singular set. Then
H2(F) = 0.
Acknowledgement: The first author was supported by NSF in China (grant No.:
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2. Proofs of The Main Theorem
Proof of The Main Theorem: We prove it by contradiction. Suppose the
conclusion is false, then
lim sup
r→0
max
σ∈(0, r
2
]
σ2 sup
t∈[T−(r−σ)2,T−( r
2
)2]
sup
Σt∩Br−σ(X0)
|A|2 =∞.
Then there exists a sequence {rk} with rk → 0 such that
max
σ∈(0,rk/2]
σ2 max
[T−(rk−σ)2,T−(rk/2)2]
max
Σt∩Brk−σ(X0)
|A|2 → +∞.
We choose σk ∈ (0, rk/2] such that
σ2k max
[T−(rk−σk)2,T−(rk/2)2]
max
Σt∩Brk−σk (X0)
|A|2 = max
σ∈(0,rk/2]
σ2 max
[T−(rk−σ)2,T−(rk/2)2]
max
Σt∩Brk−σ(X0)
|A|2.
Let tk ∈ [T − (rk − σk)2, T − (rk/2)2] and F (xk, tk) = Xk ∈ B¯rk−σk(X0) satisfying
λ2k = |A|2(Xk) = |A|2(xk, tk) = max
[T−(rk−σk)2,T−(rk/2)2]
max
Σt∩Brk−σk (X0)
|A|2.
Obviously, we have (Xk, tk)→ (X0, T ) and λ2kσ2k →∞. In particular,
max
[T−(rk−σk/2)2,T−(rk/2)2]
max
Σt∩Brk−σk/2(X0)
|A|2 ≤ 4λ2k, (2.1)
and hence
max
[tk−(σk/2)2,tk]
max
Σt∩Brk−σk/2(X0)
|A|2 ≤ 4λ2k. (2.2)
We choose a normal coordinates in Br(X0) using the exponential map, where
Br(X0) is a metric ball in M centered at X0 with radius r (0 < r < iM/2). We
express F in its coordinates functions. Consider the following sequences,
Fk(x, s) = λk(F (xk + x, tk + λ
−2
k s)− F (xk, tk)), s ∈ [−λ2kσ2k/4, λ2k(T − tk)].
(2.3)
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We denote the rescaled surfaces by Σks in which dµ
k
s is the induced area element from
M . Therefore,
|Ak|2 = λ−2k |A|2,
Hk = λ
−1
k H,
|Hk|2 = λ−2k |H|2.
Set t = tk + λ
−2
k s, it is easy to check that
∂Fk
∂s
= λ−1k
∂F
∂t
.
Therefore, it follows that the rescaled surface also evolves by a mean curvature flow
∂Fk
∂s
= Hk (2.4)
in Bλkσk(0), where s ∈ [−λ2kσ2k/4, λ2k(T − tk)].
By (2.1) and (2.2) we see that,
|Ak|(0, 0) = 1, |Ak|2 ≤ 4
in Bλkσk(0) and s ∈ [−λ2kσ2k/4, 0]. Since we have λ2kσ2k → ∞, thus by Arzela-Ascoli
theorem, Σks → Σ∞s in C2(BR(0) × [−R, 0]) for any R > 0 and any BR(0) ⊂ Rn¯.
By (2.3), we know that Σ∞s is defined on (−∞, 0]. Σ∞s also evolves along the mean
curvature flow in Rn¯ with the Euclidean metric and
|A∞|(0, 0) = 1, |A∞|2 ≤ 4.
In order to proceeding further, we need some preparations. Let us first recall a
κ-noncollapsing theorem proved by Chen-Yin ([1]):
Theorem 2.1. ([1]) Let (M n¯, g¯) be a complete Riemannian manifold of dimension n¯
with bounded curvature and the injectivity radius is bounded from below by a positive
constant, i.e., there are constants C¯ and δ¯ such that
|R¯m|(x) ≤ C¯, and inj(M n¯, x) ≥ δ¯ > 0, for all x ∈M n¯. (2.5)
Let X : Σn →M n¯ be a complete isometrically immersed manifold with bounded second
fundamental form |hαij| ≤ C in M n¯, then there is a positive constant δ = δ(C¯, δ¯, C, n¯)
such that the injectivity radius of Σn satisfies
inj(Σn, x) ≥ δ > 0, for all x ∈ Σn. (2.6)
As the second fundamental form and its derivatives are all uniformly bounded on
Σ∞s , by the same argument as in the proof of Lemma 4.1 in [7], we can obtain the
following κ-noncollapsing theorem. Note that for our case, the ambient space is just
the Euclidean space Rn¯.
Lemma 2.2. There exist constants κ0 = κ0(n) and r0 = r0(n, n¯) such that V ols(Bs(p, ρ)) ≥
κ0ρ
n as long as ρ ≤ r0 and Bs(p, ρ) ⊂ Σ∞s , s ∈ (−∞, 0].
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Proof: Using Theorem 2.1 we know that there exists a constant ι = ι(n¯) such that
inj(Σ∞s ) ≥ ι, for s ∈ (−∞, 0]. (2.7)
Moreover, by Gauss equation we have,
max
Σ∞s
|Rm| ≤ C1 = C(n).
Then by volume comparison theorem, for ρ ≤ ι, p ∈ Σ∞s , we have
V ols(Bs(p, ρ)) ≥ V¯ (ρ, C1, n),
where V¯ (ρ, C1, n) is the volume of the geodesic ball of radius ρ in n-dimensional space
form with constant curvature C1. But it is well known that
V¯ (ρ, C1, n) =
∫ ρ
0
∫
Sn−1
(
sin(
√
C1r)√
C1
)n−1dSn−1dr
= nωn
∫ ρ
0
(
sin(
√
C1r)√
C1
)n−1dr
=
nωn
C
n
2
1
∫ √C1ρ
0
sinn−1 rdr.
On the other hand, limr→0
sin r
r
= 1. Thus we can choose r0 = r0(C1, ι) = r0(n, n¯) < ι
such that for all r ≤ √C1ρ ≤
√
C1r0, we have
sin r
r
≥ 1
2
.
Then for ρ ≤ r0,
V¯ (ρ, C1, n) ≥ nωn
C
n
2
1
∫ √C1ρ
0
rn−1
2n−1
dr =
ωn
2n−1
ρn,
i.e.,
V ols(Bs(p, ρ)) ≥ ωn
2n−1
ρn, for ρ ≤ r0, s ∈ (−∞, 0].
This proves Lemma 2.2. Q.E.D.
As for the blow-up flow, the derivatives of the second fundamental form are all
uniformly bounded, we know from the evolution equations that there exist positive
constants C2, C3 and C4, such that
|∇A| ≤ C2 on Σ∞s , for s ∈ (−∞, 0], (2.8)∣∣∣∣∣ ∂∂s |A|
∣∣∣∣∣ ≤ C3 on Σ∞s , for s ∈ (−∞, 0], (2.9)
and ∣∣∣∣∣ ∂∂sg
∣∣∣∣∣ ≤ C4 on Σ∞s , for s ∈ (−∞, 0]. (2.10)
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Using the κ-noncollapsing theorem, we can obtain the following ε0-regularity the-
orem:
Theorem 2.3. For any 0 < ε ≤ min{rn+30 , 12n+3} if
∫ 0
−1
∫
Σ∞s ∩B1(0) |A|2dµ∞s ds ≤ ε, then
we have
max
−1≤s≤0
max
Σ∞s ∩B 1
2
(0)
|A| ≤
(√
1
κ0
+ C2 + C3 + C2C4
)
ε
1
n+3 . (2.11)
Proof: We prove it by contradiction. Suppose the conclusion fails, then there exist
ε0, s0 ∈ (−1, 0) and x0 ∈ Σ∞s0∩B 12 (0), such that |A|(x0, s0) >
(√
1
κ0
+ C2 + C3 + C2C4
)
ε
1
n+3
0 ,
and
∫ 0
−1
∫
Σ∞s ∩B1(0) |A|2dµ∞s ds ≤ ε0 . Choosing δ = ε
1
n+3
0 , we know from (2.8) that
|A|(x, s0) > |A|(x0, s0)− C2δ > 0 on Bs0(x0, δ) ⊂ Σ∞s0 ∩B1(0).
(2.12)
By (2.9), we know that there exists an interval [a, a + δ] ⊂ [−1, 0] such that s0 ∈
[a, a+ δ], and for any s ∈ [a, a+ δ], x ∈ Bs0(x0, δ)
|A|(x, s) ≥ |A|(x, s0)− C3δ > 0. (2.13)
By (2.10), we know that the metrics on the surfaces Σ∞s are all equivalent. In
particular, we have Bs(x0, δ) ⊂ Bs0(x0, (1+C4)δ) for s ∈ [a, a+ δ]. Thus we see from
(2.12) and (2.13) that we have the estimate
|A|(x, s) > |A|(x0, s0)− (C2 + C3 + C2C4)δ > 0, (2.14)
for s ∈ [a, a+δ] and x ∈ Bs(x0, δ). Therefore, we have by our assumption and Lemma
2.2
ε0 ≥
∫ 0
−1
∫
Σ∞s ∩B1(0)
|A|2dµ∞s ds ≥
∫ a+δ
a
∫
Bs(x0,δ)
|A|2dµ∞s ds
≥ (|A(x0, s0)− (C2 + C3 + C2C4)δ|)2
∫ a+δ
a
V ols(Bs(x0, δ))ds
>
δ2
κ0
δκ0δ
n = δn+3 = ε0,
which is a contradiction. This proves the theorem. Q.E.D.
From the proof of the above theorem it is easy to get the elliptic case. That means,
Corollary 2.4. For any 0 < ε ≤ rn+20 , if
∫
Σ∞s ∩B1(0) |A|2dµ∞s ≤ ε, then we have for
each s ∈ [−1, 0]
max
Σ∞s ∩B1(0)
|A| ≤
(√
1
κ0
+ C2
)
ε
1
n+2 . (2.15)
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Proof of The Main Theorem(Continued): We choose ε0 is so small that the
right hand of (2.11) is smaller than 1 with ε = 2ε0. But note that |A∞|(0, 0) = 1,
thus, by Theorem 2.3, we must have∫ 0
−1
∫
Σ∞s ∩B1(0)
|A∞|2dµ∞s ds ≥ 2ε0.
In particular, for k >> 1 sufficiently large,∫ 0
−1
∫
Σks∩B1(0)
|Ak|2dµksds > ε0.
Rewriting the above integral back to the original surface, we see that we have
λnk
∫ tk
tk−λ−2k
∫
Σt∩B
λ
−1
k
(X0)
|A|2dµtdt > ε0. (2.16)
Set tk = T −ρ2 and tk−λ−2k = T − (ρ′)2, then (ρ′)2−ρ2 = λ−2k . As tk → T as k →∞,
we see that as k sufficiently large and fixed, we have 0 ≤ ρ < ρ′ ≤ r
2
, and
((ρ′)2 − ρ2)−n2
∫ T−ρ2
T−(ρ′)2
∫
Σt∩B
((ρ′)2−ρ2)
1
2
|A|2dµtdt > ε0,
which contradicts our assumption. This proves the Main Theorem. Q.E.D.
The equation (2.16) tells us the set of singularities along the mean curvature flow
is defined by
F = {X ∈M |∃λk →∞, tk → T lim
k→∞
λnk
∫ tk
tk−λ−2k
∫
Σt∩B
λ−1
k
(X)
|A|2 ≥ ε0}
If Σ0 is a surface, i.e., n = 2, as a corollary of the above theorem, we prove,
Corollary 2.5. H2(F) = 0.
Proof. Fix δ > 0. From the definition of F we know that for any X ∈ F , there
exists r > 0 and t < T such that t− r2 > T − δ, r ≤ δ/10 and∫ t
t−r2
∫
Σt∩Br(X)
|A|2 ≥ ε0
2
r2.
By Theorem 3.3 in [11], we can choose a disjoint family of balls {Brj (Xj)} with
Xj ∈ F and rj < δ/10 such that the family {B5rj (Xj)} covers F and for all j ∈ N∫ tj
tj−r2j
∫
Σt∩Brj (Xj)
|A|2 ≥ r2jε0/2.
We then estimate
H2δ(F) ≤ c
∞∑
j=1
r2j < cε
−1
0
∞∑
j=1
∫ tj
tj−r2j
∫
Σt∩Brj (Xj)
|A|2 ≤ cε−10
∞∑
j=1
∫ T
T−δ
∫
Σt∩Brj (Xj)
|A|2
≤ cε−10
∫ T
T−δ
∞∑
j=1
∫
Σt∩Brj (Xj)
|A|2 ≤ cε−10
∫ T
T−δ
∫
Σt
|A|2.
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By the Gauss equation
R1212 = K1212 + (h
α
11h
α
22 − hα12hα12),
we get
|A|2 = |H|2 − 2R1212 + 2K1212,
were K is the curvature of M and R is the curvature of Σ. We therefore have by the
Gauss-Bonnet formula that,∫
Σt
|A|2dµt ≤
∫
Σt
|H|2dµt + Cµt(Σt) + 8pi(g − 1),
where g is the genus of the initial surface Σ0. Since
∂
∂t
∫
Σt
dµt = −
∫
Σt
|H|2dµt,
we have
µt(Σt) ≤ µ0(Σ0) and
∫ T
0
∫
Σt
|H|2dµtdt ≤ µ0(Σ0). (2.17)
So, ∫
Σt
|A|2dµt ≤
∫
Σt
|H|2dµt + C, (2.18)
and consequently, ∫ T
0
∫
Σt
|A|2dµtdt ≤ C,
and therefore,
lim
δ→0
∫ T
T−δ
∫
Σt
|A|2 = 0.
Thus, H2(F) = limδ→0H2δ(F) = 0. We finish the proof of our corollary. Q. E. D.
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